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1. f(4) =
√
4 = 2, f(9) =

√
9 = 3 and f(16) = 1

16−9 = 1
7

2. (a)

f(x) =

 x, if x ≥ 0;

−x, if x < 0.

(b)

f(x) =


x2 − 5x+ 6, if x ≥ 3;

−x2 + 5x− 6, if 2 ≤ x < 3;

x2 − 5x+ 6, if x ≤ 2.

3. (a) f(x) can be written as follow.

f(x) =


2x+ 4 + x− 1 = 3x+ 3, if x ≥ 1;

2x+ 4− (x− 1) = x+ 5, if − 2 ≤ x < 1;

−(2x+ 4)− (x− 1) = −3x− 3, if x ≤ −2.
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(b) g(x) can be written as follow.

g(x) =


−1, if x < 0;

0, if x = 0;

1, if x > 0.

4. (a) Denote g(x) := 1
2 (f(x) + f(−x)), then g(−x) = 1

2 (f(−x) + f(x)) = g(x), which implies that

g(x) is a even function;

Denote h(x) := 1
2 (f(x)−f(−x)), then h(−x) =

1
2 (f(−x)−f(x)) = −h(x), which implies that

h(x) is an odd function;

(b) By (a), we have that f(x) = g(x) + h(x).

5. (a) Suppose f and g are odd functions i.e. f(−x) = −f(x) and g(−x) = −g(x), then

(f · g)(−x) = f(−x)g(−x) = (−f(x))(−g(x)) = f(x)g(x) = (f · g)(x)

(b) Suppose f and g are even functions i.e. f(−x) = f(x) and g(−x) = g(x), then

(f · g)(−x) = f(−x)g(−x) = f(x)g(x) = (f · g)(x)

(c) Suppose f is an odd function and g is an even function i.e. f(−x) = −f(x) and g(−x) = g(x),

then

(f · g)(−x) = f(−x)g(−x) = (−f(x))g(x) = −f(x)g(x) = −(f · g)(x)
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6. (a) Considering the following two formulas

cos 5x cos 2x+ sin 5x sin 2x = cos(5x− 2x) = cos 3x,

cos 5x cos 2x− sin 5x sin 2x = cos(5x+ 2x) = cos 7x,

thus we have that

cos 5x cos 2x =
1

2
(cos 3x+ cos 7x).

(b) Using similar method, by

sin 7x sin 3x+ cos 7x cos 3x = cos(7x− 3x) = cos 4x,

sin 7x sin 3x− cos 7x cos 3x = − cos(7x+ 3x) = − cos 10x

thus we have that

sin 7x sin 3x =
1

2
(cos 4x− cos 10x).

(c) By

sin 4x cos 6x+ cos 4x sin 6x = sin 10x,

sin 4x cos 6x− cos 4x sin 6x = sin(−2x) = − sin 2x,

thus we have that

sin 4x cos 6x =
1

2
(sin 10x− sin 2x).

7. (a)

tanx =
sinx

cosx
=

2 sin x
2 cos x2

cos2 x2 − sin2 x2
=

2 tan x
2

1− tan2 x2
=

2t

1− t2
.

(b) Denote t = tan x
2 , by (a) we have that(
2t

1− t2

)2

= tan2 x =
sin2 x

cos2 x
=

sin2 x

1− sin2 x
=⇒ sin2 x =

(
2t

1 + t2

)2

,

and because

sinx · tan x
2
= 2 sin

x

2
cos

x

2
tan

x

2
= 2 sin2

x

2
≥ 0;

hence we know that sinx has the same sign with tan x
2 , which implies that

sinx =
2 tan x

2

1 + tan2 x2
=

2t

1 + t2
.

Thus,

cosx =
sinx

tanx
=

1− t2

1 + t2
.

Hence,
1

2 + 3 cosx+ 4 sinx
=

1

2 + 3 1−t2
1+t2 + 4 2t

1+t2

=
1 + t2

5 + 8t+ 2t2 + 8t3 − 3t4

8. Firstly, we prove a general formula for any k ∈ N :

sin
(
θ + (2k − 1)α

)
+ 2 cos(θ + 2kα) · sinα = sin

(
θ + (2k + 1)α

)
.
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In fact, sin
(
θ + (2k − 1)α

)
+ 2 cos(θ + 2kα) · sinα

= sin
(
θ + (2k − 1)α

)
+ 2 sinα ·

[
cos
(
θ + (2k − 1)α

)
cosα− sin

(
θ + (2k − 1)α

)
sinα

]
= sin

(
θ + (2k − 1)α

)
· (1− 2 sin2 α) + cos

(
θ + (2k − 1)α

)
sin 2α

= sin
(
θ + (2k − 1)α

)
cos 2α+ cos

(
θ + (2k − 1)α

)
sin 2α = sin

(
θ + (2k + 1)α

)
.

Thus, we have that

sin(θ − α) + 2 sinα
[
cos θ + cos(θ + 2α) + · · ·+ cos(θ + 8α)

]
=sin(θ + α) + 2 sinα

[
cos(θ + 2α) + · · ·+ cos(θ + 8α)

]
= · · · = sin(θ + 7α) + cos(θ + 8α) · sinα = sin(θ + 9α).

Taking α = π
5 into the formula we proved, then by sin π

5 6= 0, and

sin(θ +
9π

5
) = sin(θ +

9π

5
− 2π) = − sin(θ − π

5
),

we have that

cos θ + cos(θ +
2π

5
) + cos(θ +

4π

5
) + cos(θ +

6π

5
) + cos(θ +

8π

5
) = 0.

9. (a) Using mathematical induction, as x1 ≤ 4, and we assume that xk ≤ 4,∀1 ≤ k ≤ n,
then xn+1 = 3 + 1

16x
2
n ≤ 3 + 1

16 · 16 = 4..

(b) We also use mathematical induction:

x2 = 3 +
1

16
x21 = 3 +

9

16
> x1 =⇒ x2 − x1 ≥ 0,

xn+1 = 3 +
1

16
x2n =⇒ xn+1 − xn =

1

16
(x2n − x2n−1) =

1

16
(xn + xn−1)(xn − xn−1),

by the fact that all xn > 0,∀n ≥ 1, thus xn+1 − xn and xn − xn−1 have same sign.

Thus by induction, xn+1 ≥ xn,∀n ≥ 1.

10. (a)

(x+ y)n+1 = (x+ y)

n∑
r=0

Cn
r x

ryn−r =

n∑
r=0

Cn
r (x

r+1yn−r + xryn+1−r)

=

n∑
l=1

Cn
l−1x

lyn+1−l +

n∑
r=1

Cn
r x

ryn+1−r + xn+1 + yn+1

=

n∑
r=1

(Cn
r−1 + Cn

r )x
ryn+1−r + xn+1 + yn+1

Because

Cn
r−1 + Cn

r =
n!

(r − 1)!(n+ 1− r)!
+

n!

r!(n− r)!
=

n!

(r − 1)!(n− r)!
· ( 1

n+ 1− r
+

1

r
)

=
n!

(r − 1)!(n− r)!
· n+ 1

(n+ 1− r) · r
=

(n+ 1)!

(n+ 1− r)!r!
= Cn+1

r ,

thus (x+ y)n+1 =
∑n+1
r=0 Cn+1

r xryn+1−r.
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(b)

(3x− 2)5 = (3x)5 + C 5
4 · (3x)4 · (−2) + C 5

3 · (3x)3 · (−2)2 + C 5
2 · (3x)2 · (−2)3 + C 5

1 · (3x) · (−2)4 + (−2)5

= 243x5 − 810x4 + 1080x3 − 720x2 + 240x− 32.

11. By Problem 10,

(x+ h)n − xn =

n∑
r=0

Cn
r x

n−rhr − xn =

n∑
r=1

Cn
r x

n−rhr

=⇒ (x+ h)n − xn

h
=

n∑
r=1

Cn
r x

n−rhr−1.
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