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L f(4)=vA=2, f(9)=V9=3and f(16) = 5 =1

2. (a)

z, if £ > 0;

flz) = .
—z, if x < 0.
¥
(x from-12to12)
10 -5 ! 5 T &
Computed by Wolfram |Alpha
(b)
2% — 5x 46, if © > 3;
fx)=4 —2®+52—6,if2<xz < 3;

2 — 5z +6, if v < 2.

[x from 1to 4)

IR

1.5 2.0 25

Computed by Wolfram |Alpha

3. (a) f(z) can be written as follow.
20 +44+zx—-1=3x+3,ifx > 1;
flz) = 2r+4—(z—1)=az+5,if —2<z<1;
—Q2x+4)—(z—1)= -3z -3,if z < -2.



[x from -9.5t0 8.5)

Computed by Wolfram |alpha

(b) g(x) can be written as follow.
“1,if x < 0;

g(z) = 0,if z = 0;
1,if z > 0.

[x from =12 t0 12)
L X
10 -5 | 5 10

Computed by Wolfram |Alpha

. (a) Denote g(z) := +(f(z) + f(—z)), then g(—z) = 3(f(—z) + f(z)) = g(z), which implies that
g(x) is a even function;
Denote h(z) := 1(f(z) — f(—x)), then h(—z) = 3(f(—z) — f(z)) = —h(z), which implies that

h(zx) is an odd function;

(b) By (a), we have that f(z) = g(x) + h(z).
. (a) Suppose f and g are odd functions i.e. f(—z) = — f(z) and g(—z) = —g(z), then
(f - 9)(=2) = f(=2)g(—2) = (= f(2))(=9(2)) = f(x)g(x) = (f - 9)(x)
(b) Suppose f and g are even functions i.e. f(—z) = f(z) and g(—=z) = g(z), then
(f - 9)(=2) = f(=2)g(—2) = f(x)g(x) = (f - 9)(x)

(¢) Suppose f is an odd function and g is an even function i.e. f(—z) = —f(z) and g(—z) = g(z),
then
(f-9)(=2) = f(=2)g(—2) = (= f(2))g(2) = = f(z)g(x) = =(f - 9)(x)



6. (a) Considering the following two formulas
cos bz cos 2z + sin bx sin 2 = cos(bx — 2x) = cos 3z,

cos bz cos 2 — sin b sin 2x = cos(bx + 2x) = cos T,

thus we have that )
cos b cos 2z = 3 (cos 3x + cos Tx).
(b) Using similar method, by

sin 7z sin 3x + cos 7x cos 3x = cos(7x — 3x) = cos4x,

sin 7z sin 3z — cos 7x cos 3x = — cos(Tz + 3z) = — cos 10z

thus we have that )
sin 7z sin 3z = 3 (cosdx — cos 10x).

(c) By
sin 4x cos 62 + cos 4x sin 6 = sin 10z,

sin 4z cos 62 — cos 4x sin 62 = sin(—2x) = — sin 2z,

thus we have that
1
sin 4z cos 6 = 3 (sin 102 — sin 2z).

7. (a)
¢ sin x 2sin 5 cos § 2tan § ot
anx = = = = .
cosx  cos? 5 — sin? £ 1- tan® £ 1 —t2
(b) Denote ¢ = tan 3, by (a) we have that
2\’ tan? sin? x sin? 2 . gin? 2t \°
——— ) =tan“x = = sinz = ——=
1—t2 cos?z 1—sin’z 1+¢2) 7

and because

T T T T
sinz - tan = = 2sin = cos = tan = = 2sin® = > 0;
2 2 2 2 2~

hence we know that sinx has the same sign with tan 5, which implies that

. 2tan 3 2t
sinx = = .
l+tan?Z 14142
Thus,
sinx 1—¢2
cosx = = ——
tanz 1 +¢2
Hence,
1 1 _ 1+t
20 5+ 8t +2t2 + 813 — 3t4

2+3cosx +4sinz 2+31L +472;

8. Firstly, we prove a general formula for any k € N :

sin (0 + (2k — 1)a) + 2cos(0 + 2ka) - sina = sin (6 + (2k + 1)).



10.

In fact, sin (6 + (2k — 1)) + 2cos(6 4 2ka) - sina

sin (6 + ( )ar) + 2sina - [ cos (6 + (2k — 1)a) cosa — sin (6 + (2k — 1)a) sin o]

( La)
sm(9—|— 2k — 1)a) - (1 — 2sin® &) + cos (6 + (2k — 1)a) sin 2av
( )

sin (6 + (2k — 1)a) cos 2 + cos (0 + (2k — 1)a) sin 2« = sin (0 + (2k + 1)a).

Thus, we have that

sin(f — ) + 2sin [ cos 6 + cos(f + 2a) + - - - + cos(f + 8av)]
=sin(f + a) + 2sina[cos(f + 2a) + - - - + cos(f + 8av)]
=---=sin(f + 7a) + cos(f + 8«) - sina = sin(f + ).

7T

Taking o = ¥ into the formula we proved, then by sin £ # 0, and
9 9
sin(f + i) = sin(f + S 27) = —sin(f — I),
5 5 5
we have that
2 4
cos 6 + cos(f + ?ﬂ) + cos(0 + g) + cos(0 + 6%) + cos(0 + 8%) =0.

(a) Using mathematical induction, as z1 < 4, and we assume that z; < 4,V1 < k <mn,
then x,11 —3+1—6x%<3+— 16 =4..
(b) We also use mathematical induction:

9
$2—3+1*6$1*3+E>$1 — x9—ax1 >0,
1

1 1
Tpt1 =3+ —zl = Tnt1 = Tn = 176(€C% - 55721_1) = T6(x" + Tn—1)(Tn — Tn-1),

16"
by the fact that all x,, > 0,Vn > 1, thus z, 11 — z,, and z,, — z,,_1 have same sign.
Thus by induction, x,+1 > x,,Vn > 1.
(a)

n

(:13 + y)n—i-l (.’1? + y) Z Cn T n r_ Z C:L($T+1yn_r + xryn+1—r)

r=0 r=0

_ZCZ 1xl n+1— Z+ch r nt+l—r n+1+yn+1

Z 1+ Cn r n+1 r+xn+1+yn+1

Because
n! n! n! 1 1
Cr,+CF = = -
1t (r—l)(n+1—r)+r!(n—7")! (r—Dl(n—-r)! (n+1—r+r)
B n! n+1 ~ (n+1) nal

(r—Dln—r (n+1—r)-r (n+1—r)!r!: r

thus (z + )"t = S0 E0 Cntlgrynti-r,



(b)

(3z—2)° = (3z)° + C; - (3z)* - (=2) + C5 - (32)° - (=2)* + €5 - (3x)* - (=2)° + C7 - (3z) - (—2)* + (-2)°
= 2432° — 810z + 10802° — 72022 4 240z — 32.

11. By Problem 10,

(LC + h)n —z" = zn: C;ll'nirhr —z" = zn: C;L.’Enirhr
r=1

r=0

(‘T—i_h‘)n_‘rn _ & n,_ n—rpr—1
— _;qx AL



